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Giris



Why use Laplace Transforms?

Laplace donlisimi, Fransiz matematikci tarafindan (1749-1827) gelistirildi ve gecen yuzyilda muhendislik
problemlerine genis 6lctide uyarlandi.

Faydasi, diferansiyel denklemleri daha kolay cozilen cebirsel bicimlere donustirme yeteneginde yatmaktadir. Belli
alanlarda sistemlerle ugrasmak icin bir mthendislik “dili” bicimi olarak ¢cok yaygin hale gelmistir.

Cebir kullanarak diferansiyel denkleme ¢6ztm bulunur. Fourier Donasimd ile iligkilidir, sistemlerin davraniglarini,
yorungelerini karakterize etmenin kolay yolunu sunar.

II?ifﬁ:ran?icy]l/el denklem coziimlerinde dontsime ya da evrisime gerek yoktur. Sistemde birden cok islem igin
ullanishdir,

Fourier donlsumu, sadece sinus ve kosinus temel islevleri kullanilarak sentezlenebilen sinyalleri analiz etmek igin
yeterlidir.

Sentez: Bilesenlerden butlnlesik bir sistem olusturma
Analiz: Butunlesik bir sistemi bilesenlerine ayristirma

Sinyalin Ustel bilesenleri oldugunda, 6rnegin, zaman icinde Ussel olarak degiskenlik gosteren sinlis dalgasi icin,
fourier'in verdigi sadece yarim bilgidir. Ozellikle de baslangic kosullarina iceren kritik bilgiler kaybolur. Bu tir
durumlarda laplace donusimu zorunludur.

Aniden baslayan veya biten herhangi bir seyi analiz etmek isterseniz, Laplace donltsumuinden buyuk olciide
faydalanirsiniz. Bu gecislere sistem cevabi gibi gercek uygulamalarda cok karsilasilir. Aksine, Laplace donistimu bir
problemi buylk 6I<f[] e basitlestirdigi asimetrik fenomenlerle ugrasirken Fourier donisiimu cok verimsizdir. Laplace'in
cok onemli bir analitik araci donusturmesini saglar.



Why Is Laplace Transtform Usetul ?

* Model a linear time-invariant analog system as an
algebraic system (transfer function).
In control theory, Laplace transtorm converts linear
differential equations into algebraic equations.

This 1s much easier to manipulate and analyze.




Laplace Transormation

* Diferansiyel denklemleri cebirsel ifadelerle c6zebilmek
e Kararlilik bolgesini belirlemek



Laplace Donusumu

Dogrusal adi diferansiyel denklemlerin ¢6zUmu icin onemli bir analitik yontemdir. Dogrusal
olmayan ODE'lerde ilk dnce dogrusallastiriimalidir. Laplace dontusimleri 6nemli proses
kontrol kavramlari ve tekniklerinde dnemli bir rol oynar.

Sistemlerin, sadece bir frekans veya zaman alani verileri yerine, sinusoidler ve Usteller gibi
dogal bilesenler acisindan analiz edilmesine yardimci olur.

Yogun aktarim islevini, kutuplar ve sifirlar cinsinden (limit) tanimlanabildigi ve sezgisel olarak
sistemin kararliligini, asilmasini veya guriltisint tahmin etmede yardimci olan uygun bir
alana (S-etki alani) cevirir.

Kutuplar: Paydayi sifir yapan degiskenlerdir.
Sifirlar: Payi sifir yapan degiskenlerdir.

Fourier Donudsumu, sifreli bir dontsimu %ok daha kolay bir carpima donustururken, bir
Laplace Donusumu, S-etki alaninda basit bir polinom cebiri ile yogun bir diferansiyel
denklemin ¢ézulmesine yardimci olur.

Yinelemeli filtrelerin kararliligini analiz etmek icin DSP'de temel olan Z-Dontsimu, Laplace
Donusimu’'nun yakin akrabasidir.

Ornekler: Transfer fonksiyonlari, Frekans tepkisi, Kontrol sistemi tasarimi, Kararlilik analizi



Diferansiyel Denklemler Sistemi (Fiziksel
Sistemler)

Sistemi tanimlayan diferansiyel denklemlerin Lafo

lace donudsumunde, ciktiyi ve?/a ilgili
de§i§|keni cozmek icin cebirsel forma donusturulir. Cozum bulmak icin ters Laplace donltisim
uygulanir.

Systems of Linear Differential Equations
Basic First-order System Methods
Structure of Linear Systems

Matrix Exponential

The Eigenanalysis Method for v= Ax
Jordan Form and Eigenanalysis
Homogeneous Linear Systems
Nonhomogeneous Linear Systems
Second-order Systems

Numerical Methods for Systems



Fourier Transform
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Laplace Transformation
LLT ()] =F(s)
L [F(s)]= T (1)
F(s) = joo f (t)e S'dt

O

*tisreal, siscomplex!s=0+jw

* Inverse requires complex analysis to solve

* Note “transform”: f(t) — F(s), where t is integrated and s is variable
* Conversely F(s) — f(t), tis variable and s is integrated

e Assumes f(t) =0 forallt<O
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Common transform pairs.

f (1) F(s)=LLf )]
1 or u(t) 1 T-1
S
e <t 1 T-2
S+«
sin ot @ T-3
s? + w?
COS oot S T-4
s? + w?
(s +x)® +w?
e ' cos wt S+« T-6>*
t (s +x)® +w°
1 T-7
SZ
t" n! T-8
Sn+1
e—attn n ! T—9
(S + a)n+1
o(t) 1 T-10

*Use when roots are complex.
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Constant Function

Constant Function Matlab-
Let f(t) = a (a constant). Then from the clear all; close all
definition of the Laplace transform, :Vms ast

=d
= F=laplace(f,t,s)
L (a)= [ ae wtar= —Temer| —o o[- L)L
0 Cozum:
f=a

F=a/s

12



Derive the Laplace transform of the unit step
function

F(s)=| Ooo(l)e_‘“dt

u(t)

13



Step Function

Step Function

The unit step function Is widely used in the analysis of process control
problems. It is defined as:

0 forzv 0
5 (1) - { Or <

1 forer =20

Because the step function 1s a special case of a “constant”,

L[5 ()] =+
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Laplace transform of the exponential function

where o > 0. Then, Matlab:
clear all; close all
f(t)=e syms a t
f = exp(-a*t);
— [ Teeta—st — [ Ta(a+sit F=laplace(f
F (s) Ioe e ~dt Ioe dt place(f)
—(s+a)t | —0 Cozum:
— = =0 © F=1/(a+5s)
—(s+«) |, —(s + )
1

S+«
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Note: Euler’s formula

}il =|cos(aw,t )+ [j sin(c,t)|
NN,

1

- 2 2
S — jay, S° + g S + @
1 S+ Jw,

S— Jw, S+ Ja,

S — ja,
S® + g




Laplace Transform of sin(pt)

el” =cos B+ jsin g3 >
e ¥ =cos B — jsin g - el —e 1~

f (t) =sin(t)

L[ f (t)]= _rf sin(gt)e s'dt

w alft _ a— 16t o _

__ e - e e—Stdt :-il:je_(s_bg)tdt_
o _]2 ]2 O

If Re[s]=0>0

1 1 1 _ S+ jB—s+jf _ yé;

- j2ls—jB s+ jB j2(32+,82) S 4+ [3°

oo

e—(S+j,8)tdt:|




Laplace Transform of cos(pt)

_ o COS [ =
e” =cos B+ jsin S s >
e V¥ —cos B — jsin ] el _e 1”8
£ — 1 V44 sin 3 — -
J

f (t) = cos(pt)

L[ f (t)]= Jmf cos( St )e tdt

e re a—stqt :i[ e g 4 [ e—(S+j,8)tdt:|
0~ 2 270
If Re[s]=0>0
_1[ 11 j_s+j/8+s_‘j'8 B S
2(s—jip s+ip) 2(s?+p%)  s*+ pB7




Summary of Transform Pairs

Time domain “ s-domain

L 6= sin(t) 4= 2




Laplace DoOniisiimii

* Laplace doniisiimii ile siirekli-zaman Fourier doniisiimii arasindaki 1liski asagida
gosterilmistir.

« s=jw icin, X () =r° x(He'dt —= s X (jw) = r” x(t)e ™ dt

Dolayisi ile X(S)‘

= F {x(f)}

§=jw

e S=0+ JW i.(;iIl.,

X (s)= j: x(e'dt —E=ZH s X (0 + jw) = [‘; x(t)e T dy

X(o+ jw) = f; x()e e M dt = E | x(t)e ™ |e M dt

Bu durumda esitligin sag tarafinin x(f)e_m ‘nin Fourier dontisiimiine esit
oldugu goriiliir.

20



Find the Laplace transform of

F'(s)

1, 0<t<2,
fﬁy—{t—z 2 > t.

o0 2 o0
f e ' f(t)dt = fe—ﬂfdwr/ (t — 2)e >'dt
0 0 2
1

1 2 o0 A
—E_St -+ (f — 2)—E’_St — / —E_Stdt

-5 =0 —s =2 2 —F

1 1 1 - 1
_(E—ES_ 1)"’(0_0)"__ _E—sf — _(e—ls
— S5 5 —8 f—o —S8

21



Example. A force in newto
Determine the Laplace tra

ﬂ

S (N) |

sform.

f (t) =50u(t)
50

F(s) =

S

s given below.
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Example. A pressure in pascals (p) startingatt =0
s given below. Determine the Laplace transform.

p(t) =5cos2t +3e ™

S 1

L[p(t)]=5-82+(2)2 | 3.S+4

P(s)

°os 0 3
s2+4 s+4

23



Determine the Laplace transform.

Dy Matlab:
p(t) =5cos 2t + 3e clear all: close all
S i syms at
P(s)=L[p(1)]=5" ST (2) + 3 ! f =5*cos(2*t)+3*exp(-4*t);
5 ¢ : F=laplace(f)

= +

¢ 14 < 1+ 4 F1=simplify(F)

figure, ezplot(f), grid on

\ 5cos(21) + 3 exp(-4 1) ) | 3/(s + 4) + (5 9)/(s? + 4) figure, ezplot(F), gr|d on
\\ Il Coziim:
2 \ F=3/(s+4)+(5%s)/(s"2 +4)

\\ T TTT——

| :

|

\ Y
| 6 \-4 24



Laplace Transform
Time-Scaling Property

* Consider sin(t) sin(7) < ,31
s+ 1

AN ANAN,




Laplace Transform
Time-Scaling Property

* Time scale by @ =2

{AAAAAW :
SV VYV = e




Laplace Transform
Time-Scaling Property

1
s+

* Time scale by =% sin( 1) <

1
4




Properties of Laplace Transforms



Linear Combination

L[f @) +og@®]=| [f@®+g®]e ~dt
— O°f f (t)e tdt + O"f g (t)e stdt

= F(s) +G(s)



Multiplication by e”(-at)

Lle @ f@)|=["e=f(t) etdt

0

— Oof f(t)-e C*dt = F (s + a)

1 4 1
s © t“sﬁua

S Multiplication

(£ by p-at t
c I - o
-d
ROC

ROC




Example: A voltage in volts (V) starting at t =0 is given below.
Determine the Laplace transtorm.

Matlab:

clear all; close all

4 symsat

: . . f =5*sin(4*t)*exp(-2*t);
(s +2)" + (4) F=laplace(f)

20 20 F1=simplify(F)

v(t) = 5¢ °"sin 41

Vi(s)= Llv()] =5

s+ 4s+4+16 sP+4s5+20 F2= expand(F)

Coziim:

F=20/((s + 2)*2 + 16)
F1=20/((s + 2)"2 + 16)
F2 =20/(s"2 + 4*s + 20)



Multiplication by e”(at)

n! n!

L{etm} =

L) =

gnt1’ (s — a)ntl’
Lysinbt} = ’ L{e™sinbt} = ’

52 4 b2’ (s —a)2+b2

s » B s —a
L{cosbt} = T L{e" cosbt} = o

32



Example

Example
2 L 1 s+ 1
(s—=2)° s—-2 (s+1)°+1

LA +4)e* — e cost} =

because

L{E+4}=S+=, = L{(E+4)e*} = 2P
: ;

Matlab:

clear all; close all

syms at

f =(t"2+4)*exp(2*t)-cos(t)*exp(-t);
F=laplace(f)

F1=simplify(F)

Cozum:
F=4/(s-2)-(s+1)/((s+1)"2+1)+2/(s-2)"3

33



Inverse Laplace Transforms



Inverse Laplace Transtorms

* Bir diferansiyel denklem Laplace donustmleri ile cozuldlglinde, c6zim s
degiskeninin bir fonksiyonu olarak elde edilir. Zaman tepkisini belirlemek
icin ters donudsum olusturulmalidir. En basit formlar, tablolarda
taninabilen formlardir ve simdi bunlardan birkaci ele alinacaktir.



Inverse Laplace Transforms

‘ Background:

To find the inverse Laplace transform we use transform pairs along with partial fraction expansion:
F(s) can be written as;

P(s)
F(s)=
($)=5¢s)

Where P(s) & Q(s) are polynomials in the Laplace variable, s.\We assume the order of Q(s)=> P(s), In

order to be in proper form. If F(s) is not in proper form we use long division and divide Q(S) into P(S)
until we get a remaining ratio of polynomials

that are in proper form.



Inverse Laplace Transforms

There are three cases to consider in doing the partial fraction expansion of F(s).
Case 1: F(s) has all non repeated simple roots.

Ky K, K,
F(s)= + + ..+
s+p, S+Dp, S+ p_

Case 2: F(s) has complex poles:

x

Pl(s) k1 k1

I:(S)=Ql(s)(s+a— iBYs+a+ if) s+a—if  s+a+ip) " (expanded)

Case 3: F(s) has repeated poles.

P, (s) K K K P, (s)
= — 1 — 11 12 o 1lr o 1
) Q,(s)(s+p)" S+ P, T s+ p,)? T T sy p,)" T Q, (s)(expanded)




Determine the inverse transform of the function

below.

5 12 8
F(S):s | S | s+ 3

f(t) =5+12t +8e

Matlab:

clear all; close all
symsas
F=5/s+12/s"2+8/(s+3);
f=ilaplace(f)

Cozim:
f=12*t + 8*exp(-3*t) + 5



Determine the inverse transform of the function
below.

Matlab:

200 clear all; close all
V (S) — 5 Syms a s
s +100 f =200/(s2+100);
F=ilaplace(f)
10
V(s) =20 — > Coziim:
s + (10) F =20*sin(10%t)

v(t) = 20sIin10t



Example. Determine the inverse transform of the function.

8s+4 S
S +6s+13 1.2
When the denominator contains a quadratic, check the roots. If they are

real, a partial fraction expansion will be required. If they are complex, the
table may be used. In this case, the roots are

V (s) = = —3 + 2I

S® +6s+13 V (s) — 8(32+3) _ 4_224 2
— 5% + 65+ (3)2 +13— (3)? (s v 2 ++3§2> (s + fc))(2+)(2)
:SZ—I—6S—|—9—|—4 :(S—|—3)2+(2)2 (S—I—3)2—|—(2)2

= (s +3)° + (2)°
v(t) =8e "' cos 2t —10e ' sin 2t

40



Example: Determine the inverse transform of the function below using
MATLAB.

Y (s) — 10 48
s+2 (s+2)(s” +16)
Matlab: Cozum
clear all; close all y =(62*exp(-2*t))/5 - (12*cos(4*t))/5 + (6*sin(4*t))/5
symsts

Y =10/(s+2) + 48/((s+2)*(s"2+16))
y = ilaplace(Y)
y=simplify(y)



Example

L‘:—l 3 - )C_]
s2+4

—1 2 ey
= {(s+5)'1}_L {._ .

Matlab:

clear all; close all
symsas

f1 =3/(s"2+4);

f2 =2/(s+5)74;

f3 =(s+1)/(s"2+4);
Fl=ilaplace(f1)
F2=ilaplace(f2)
F3=ilaplace(f3)

Cozum:
F1=(3*sin(2*t))/2

F2 =(t"3*exp(-5*t))/3

F3 = cos(2*t) + sin(2*t)/2

—Jf_!_-_;

42



Transfer Function



Transfer Function

» Sistem bir girise ve bir cikisa sahipse, cikisin girisin bir fonksiyonu olarak tanimlandigi
durumlarda, onu s etki alanina (laplace kullanarak) donusturebilir ve sistemi bir transfer
fonksiyonu ile tanimlanabilir.

e X (s) 'in girdi oldugunu, Y (s)' nin cikis oldugunu ve H (s) 'nin transfer fonksiyonu olarak
bilinen sey oldugunu varsayalim. Sistem cikist Y (s) = H (s) * X (s) olarak tanimlanabilir.

» Transfer fonksiyonu Y (s) / X (s) ile esit olacaktir.

* Transfer fonksiyonunun pay ve paydasi faktorize edilirse, bir kutup-sifir tanimi
yapilabilir. Sistemin yuksek frekanslari sondirmek icin yapilmis bir elektrik devresi ise,
dusuk gecis filtresi, sadece kutup-sifir cizimi filtrenin belirli frekanslara nasil tepki
verdigi soylenebilir. Bu, laplace donisumunin sadece klictk bir uygulamasidir, ancak
bircok muhendislik dalinda kullanish olabilen transfer fonksiyonlari ile lineer sistemlerin
tanimlanmasini saglar.



Transfer Function

x(f)

£ (s)

Transfer fonksiyonu: Kazanc,
Kuvvetlendirme, Devre,
Suzgec ...

y(t) "TH (s )F (s)

Laplace transform can help us find y(t) easily



Forms for Transfer Functions

_ N(s)
ARATE
N(s)=a.s"+a_ ,s" " +...+a,Ss +a,

D(s)=b _s™+b_.,s™ " +...+bs+ b,

N (s)

= _
) GG PGP (5 P

46



The roots of D(s) are called poles and they may be
classified in four ways.

1. Real poles of first order.

e 2.Complex poles of first order (including purely imaginary poles)

3. Real poles of multiple order

e 4. Complex poles of multiple order (including purely imaginary poles)

47



Partial Fracti

on Expansion

Real Poles of First Order
sy — A A, A
S— P11 S— P S — P,
Ac=(6—pPJIFG)] _,
f.(t) = AeP + AeP' + ... Ael

48



Example. Determine inverse transform of function below.

F(s) = S5 = S+5 F(s) = S+6 _ A L A
s°+3s+2 (s+1D(s+2) (s+D(s+2) s+1 s+2
S+ 6 —1+6
A=GE+DFE],_, 5"‘211 —1+2
S+6 2+ 6
=(s+2)F (s = = = —4
A = ( )F( )]52_2 s+1 |._ ., 2+1

O i s f(t)=5e"'—d4e ™

49




Example. Determine exponential portion of inverse transform of
function below.

50(s +3)
F(s) = e T
(5 (s +1D(s +2)(s* +2s+5) Fl(s)_s—|—1 s 42
A — 50(§+3) J _(50)(2) _
(s+2)(s?+2s+5) |_, @DO®)
A — 50(s + 3) | INGOIONE
 (s+D(s*+2s+5)|_ . (DB

f. (t) = 25e™" —10e~" -



Partial Fraction Expansion for First-Order Complex Poles
(s*+bs+c)— p,, =—atiw

AS + B
(s) = - R(s
() s +bs +cC ()

ol



Example. Complete the inverse transform.
50(s + 3) 25 10

AS + B

(s +1)(s + 2)(s®° +2s+5) T s+1 s+2

50(3) 25 10 B

_ : B =25
D 2)B) 1 2 S
50(4) 25 10 A+B o
@)@ 2 3 8 A=—15
F(s) — 25 10 : —15s — 25

s+1 s+2 s°“+2s+5

s +2s+5

52



Example. Continuation.

—15s — 25

P2 (8) = s? +2s+5

S°+254+5=5"4+25s4+1+5—-1=(s+1)° +(2)°

—15s—-25 —15(s+1) —5(2)
(s+1D>+(2)2 (s+D2>+(2)°> (s+1D?+(2)?

I:z (S) —

f (t) — 1:1 (t) + fz (t)
— 25e ' —10e ' —15e ' cos2t —5e 'sin 2t

53



Second-Order Real Poles

Assume that F(s) contains a denominator factor of the form (s+a)?. The
expansion will take the form shown below.

Cl I CZ

I:(S):(S—I—oz)z S+«

F R(s)
C,=(s+a)’F(s)|

f,(t)=Cte ™ +C,e " =(Ct+C,)e ™

o4



Example. Determine inverse transform of function below.

60
=(8) = s(s + 2)2
)= __ A, G | G
s(s+ 2) S (s+2) (s +2)
A=sF(s)]|__ = 60 2_ ___ 50 — =15
=0 (s+2)|.., (O+2)
5 B 60 | 60
C, =(s+2)?F (s)l:_z - — 30

s=—2

55



Example. Continuation.

60 15 30 C
F(s) = - = — =
s(s+ 2) S (s+2) S+ 2
60 _ 15 30 . G, C, ——15
DA+ 2)° 1 @A+2)° @A+2)
60 15 30 15
F(s) = > >
s(s+ 2) S (s+2) S+ 2

f (t) =15 —30te 2* —15e 2 =15 —15e %' (1 + 2t)

56



Differentiation & Integration



Laplace Transtorm Operations

f (1) F(s)

f '(t) sk (s) — f (O) O-1
[ (@at F(s) -

S

e “'f (1) F(s+o) O-3
fE—T)Hu(—T) e T F(s) O-4
f (0) lim sF (s) O-5
lim f (t) limsF(s)” O-6

t—o0 s—0

*poles of SF (S) must have negative real parts.

o8



Transforms of Derivatives and Integrals. ODEs

Theorem

Laplace Transform of Integral

Let F(s) denote the transform of a function f (t) which is piecewise continuous for t 20, Then, for s> 0, s
>k and t >0,

L {J‘Ot f(r)dz'} = %F(S), thus L)t f(z)dr =L {i F(s)}.



Differentiation

LT (®)]=F(s)

L[f'(t)]=sF(s)— f(0)

L[f"t)]=s(sF(s)— f(0))— f'(0)
— s?F(s)—sf(0)— f'(0)

O] = s"F(s)— 8™ £ (0-)— ™2 10 }--vree— £ @D (0")



Significant Operations for Solving Differential Equations

L[ T ()] =skF(s)— 1 (0)

L[ f "(t)] =s°F(s) —sf (0) — f '(0)

L| ['fdt

_ F(s)
s

61



Procedure for Solving DEs

b, ‘i“}' = blc;ht/ Fbyy = f(t) L[bz ‘22’ | bl%—kboy}:L[f(t)]
b, [ s*Y (s) —sy(0) — y'(0) |

+b, [sY (s) — y(0O) |+ b,Y (s) = F(s)

Y (s) = F (s) _Sb,y(0) +b,y (0) +b,y(O)

b,s® +bs + b, b,s® +b;s + b,

62



Solution of ODE



Significant Operations for Solving Differential Equations

L] '(t)]=sF(s)— f (O)

L[ f "(t)]=s°F(s) —sf (0)— f '(O)

L| ['f®ydt

_ F(s) giot)jl(l)d £°(0), initial condition

S
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Laplace Transtform for ODEs

L""-,:

«Equation with initial conditions d?
dt

+y=1 y(0)=y"(0)=0

[ ]

Laplace transform is linear
LO")+ L) = L)

*Apply derivative formula 1
s2L(y) = sy(0) = y'(0) + L(y) = _

1
eRearrange ) = —
J L=

*Take the Iinverse
y=1-—cost



Example

2
‘;tg’ | 6% +8y =2 y(0)=y'(0)=0
 ODE w/initial conditions

S°Y(s) + 6sY(s) +8Y(s) =2/s

* Apply Laplace transform to

Y (s) = 2 each term
s(s+2)(s+4) * Solve for Y(s)
1 —1 1
Y(S) = — + : . : -
(s) Zs T 205+ 2) " a(s+ ) éfggyrl]g)igﬁual fraction
2t _at * Apply inverse Laplace
yity =+ &~ , & transform to each term

4 2 4



Example L(Z) = L") = s¥(s) — y(0)

_ _ _ L — L "y — EY . 0) — v/ (0
y' +3y +2y=et giventhaty(0) =4,y'(0) =5 .:zrﬂ) ") = s7Y(s) — sy(0) —¥'(0)
L(£2) = L™ = 5%Y(s) — 529(0) — 5y (0)y" (0)

Taking Laplace transform on both sides & Let L(y(t}) = Y(s).
L(y") +3L(y") + 2L(y) = L(e™)
Using formulae
1
{s?Y(s) —sy(0) —y"(0)} — 3{sY(s) —y(0)} + 2Y(s) = ——

s+ 1
Substituting given conditions, y(0) =4,y (0) =5
We have

(s? =35+ 2)Y(s) —4s —5 —12 =
1 1
Y(s) = (s2+3s5+2) (4s +17 + m)

s+1

4s5%+21s+18
Y(S) ~ (s2+3s5+2)(s+1)
Using Partial Fractions, We get
-8 12 1
Y(s) = +

s+2 s+1 (s+1)2
Taking inverse Laplace transforms,

L (Y(9) = —8L7 (55) + 12L7M () + _1((s+132 )
}’(t) = 12e ' — 8e %t + te L. o/




(Laplace Transform for ODE) To solve this differential equation
y'—=6y'+8y =0, y(0)=-1,y'(0) =2

clear all; close all

symstsyY

d="D(D(y))(t)-6*D(y)(t)+8*y(t)=0'

Ld=laplace(d,t,s)

Le=subs(Ld,{'laplace(y(t), t, s), 'y(0)', 'D(y)(0)'}, {Y,-1,2})
Y=solve(Le,Y)

y=ilaplace(Y,s,t)

d = D(D(y))(t)-6*D(y)(t)+8*y(t)=0

Ld =6*y(0) - D(y)(0) - 6*s*laplace(y(t), t, s) - s*y(0) + s*2*laplace(y(t), t, s) + 8*laplace(y(t), t, s) ==
Le =8*Y +s-6*Y*s + Y*sN2 -8 ==

Y =-(s - 8)/(s"2 - 6*s + 8)

y =2%exp(4*t) - 3*exp(2*t)



Example 6 (Resonance Phenomenon) To solve this differential equation
y" +9y = 6¢cos(3t), y(0) =0,y'(0) =0

clear all; close all

tsin(3t)
L

symstsyY ol
d="D(D(y))(t)+9*y(t)=6*cos(3*t)'

Ld=laplace(d,t,s) “r
Le=subs(Ld,{'laplace(y(t), t, s), 'y(0)', 'D(y)(0)'}, {Y,0,0}) 10-

Y=solve(Le,Y)
y=ilaplace(Y,s,t)
ezplot(y,[0,30])

20 -

d = D(D(y))(t)+9*y(t)=6*cos(3*t) 30|~

Ld =s*2*laplace(y(t), t, s) - s*y(0) - D(y)(0) + 9*laplace(y(t), t, s) == (6*s)/(s"2 + 9) :
Le =Y*sA2 + 9*Y == (6*s)/(s"2 + 9)

Y =(6%*s)/(s"2 + 9)"2

y = t*sin(3*t)

30
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Example 8 (Impulse Forcing) To solve this differential equation with impulse forcing
y'+2y"+y=36(t—2), y(0)=2,y'(0) =1

clear all; close all

symstsyY

d='D(D(y))(t)+2*D(y)(t)+y(t)=3*dirac (t-2)'
Ld=laplace(d,t,s)

Le=subs(Ld,{'laplace(y(t), t, s), 'y(0)', 'D(y)(0)'}, {Y,2,1})
Y=solve(Le,Y)

y=ilaplace(Y,s,t)

d =D(D(y))(t)+2*D(y)(t)+y(t)=3*dirac(t-2)

Ld =2*s*laplace(y(t), t, s) - D(y)(0) - 2*y(0) - s*y(0) + s*2*laplace(y(t), t, s) + laplace(y(t), t, s) == 3*exp(-2*s)
Le =Y - 2%s + 2*Y*s + Y*s72 - 5 == 3*exp(-2*s)

Y =(2*s + 3*exp(-2*s) + 5)/(s"2 + 2*s + 1)

y =2*exp(-t) + 3*t*exp(-t) + 3*heaviside(t - 2)*exp(2 - t)*(t - 2)

Not: u(t-2)=heaviside(t - 2)



Ornek: y''+y=cos(2t), y(0)=1, y'(0)=0

clear all; close all

symsy(t)tYs

Dy = diff(y,t);

D2y = diff(Dy,t);

y = D2y + vy == cos(2*t)

Ld = laplace(y)

Le=subs(Ld,{'laplace(y(t), t, s)', 'y(0)’, 'D(y)(0)'}, {Y,1,0})
Y=solve(Le,Y)

y=ilaplace(Y,s,t)

y(t) =D(D(y))(t) + y(t) == cos(2*t)

Ld(s) =s*2*laplace(y(t), t, s) - s*y(0) - D(y)(0) + laplace(y(t), t, s) == s/(s"2 + 4)
Le(s) =Y*s”2 -s+Y ==s/(s"2 + 4)

Y =(s +s/(s”2+4))/(s"2 +1)

y =(4*cos(t))/3 - cos(2*t)/3
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Example. Solve DE shown below.

dy | _ _ dy |, _
Y +2y=12  y(0) =10 L[dtj 2L [y] = L[12]
SY(S)—10+2Y(S)=% (s+2)Y(s)=10+%
y(s)__ 10 , 12 12 A A

s+2 s(s+2) s(s+2) s s+2

12 12 12 12
— — — 6 _ _| = _
/A‘l S|:S(S+ 2) :|SO |:S + 2:|SO AZ (S+2)|:S(S+2):|32 |: S :|s=2 6

vy 10 6 6 _6 4 o
s+2 s s+2 s S+2 v(t) =6+ 4e
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Example. Solve DE shown below.

dt
12(4)
SY(S)—10+2Y (s) =
(s) (s) s? +16
48 A  Bs+B,

(s + 2)(s” +16) T s+2  s?2+16

48 2.4  B;s+ B,

(s+2)(s>+16) s+2 s?2+16

48 2.4 —B, +B,
(L ((17) 1 17

ay | 2y =12sin4t  y(0) =10

10

48

Y (8) =

A__48 ]
s°“+16 |._ ,

48 2.4

_ 48 _
20

BZ

(2)(16) 2

B, =-2.4

16

2.4

s+2  (s+2)(s2 +16)

B, = 4.8
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Example. Continuation.

10 2.4 2.4s 4.8

Y (S) = | |
() s+2 s+2 s°+16 s +16

y(t) =12.4e " —2.4cos 4t +1.2sin 4t
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Example. Solve DE shown below.

d’y  _,dy
-3 F2y = 24 O)=10and y'(0) =0
2 24
s?Y (s) —10s —0+3[sY (s) —10|+ 2Y (s) = —
S
24 10s + 30
Y (S) = — P
S(s“"+3s+2) s +3s+2
24 10s + 30

T s(s+D(s+2)  (s+D(s+2)
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Example. Continuation.

24 12 24 12
s(s+1)(s+ 2) S s+1 S+2
10s+30 20 10
(s+1)(s +2) s+1 s+2
F(s) — 12 4 2

S s+1' S+ 2

f(t) =12 —4e " +2e
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Example. Solve DE shown below.

d®y dy
dt- -2 dt Foy =20 y(0O) =0 and y'(0O) =10

s?Y (s) —0—10+ 2[sY (s) —O|+5Y (s) =%

20 10
Y (s) = > F—
s(s“+2s+5) s +2s+5
20 4 As+B 20 _ 4 A+B
s(s® +2s+5) s (s® +2s+5) AD)A+2+5) 1 @A+2+5)
20 4 —A+B

A=-4 B=-8

—DA—2+5) —1 (1—2+5)
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Example. Continuation.

4 —4s—8 10 4  —4s+2
Y(S): 1 > 1 > — i >
S s +2s+5H s “+2s+5 S s +2s+5H

S°+25+5=5"4+2s+1+5—-1=(s+1D° +(2)°

Y (s) — 4 —4(s +1) | 3(2)
s (s+D%?+(2)? (s+D%+(2)?

yv(t) =4 —4e 'cos2t +3e 'sin 2t

/8



I1k(0) ve Son Deger(w) Teoremleri
Initial- and Final-Value Theorems
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Laplace Donusum: Baslangic degerinin hesaplanmasi

Theorem: | Initial Value

If the function f(t) and its first derivative are Laplace transformable and f(t) has the Laplace transform F(s),

and the lim sF (s)exists, then
S —> o0

lim sk (s)=lim T (t)= T (0) Initial Value
S —> 00 t—0 Theorem




Laplace Donusum: Baslangic degerinin hesaplanmasi

Baslangic degeri (Initial Value):

Given;
(s+ 2)
— —
(5) (s + 1)2+ 52
Find f(0)

2
f(0)=limsF(s)=lims %2 __|jim s© + 2s

S —> oo S — oo (S+1)2+52 S — o _SZ+25+1+25_
_ im s?/s? +2s/s?
s—>w g2 /52 4 25/52 4+ (26/5?)

1



Laplace Donusum: Final degerinin hesaplanmasi

The utility of this theorem lies in not having to take the inverse of F(s) in order to find out the initial
condition in the time domain. This is particularly useful in circuits and systems.

Final-value -
f (o) = 1lim sF (s
Theorem ( ) s—>0 ( )




Kararlilik

* Baslangic ve final degerleri sayisal ise yani sonsuza gitmiyorsa sistem ya
da sinyal kararlidir.

e Laplace donusimuinde f(t) fonksiyonunun Laplace donusumu F(s) ise f(t)
fonksiyonun kararsiz bolgesi F(s) fonkiyonun paydasini sifir yapan
degerlerdir.



The Laplace Transform

Example: Final value

Given:

(s+2)° — 37

[(s + 2)°% + 32]

F(s)

Find T (o°)

_ _ (s + 2)% — 37
fleo)=lim sE(s) = Jim sp 5o, 32] = °




Yakinsama Bdlgesinin Ozellikler

 Kompleks degisken s = o + jw'nin imajiner kismi, w = Im [s] yakinsama
acisindan bir etkisi olmadigindan, ROC sadece gercek o = Re [s] kismi
tarafindan belirlenir.

 ROC jw eksenine pareleldir.

* x(t) sonlu bir sinyal ise (Integrali sonlu aralikta ise) ROC butiin s-
dizlemidir.

* x(t) sag tarafli ise (sol tarafi sifir ise) ROC’da sag taraflidur.
* X(t) sol tarafli ise (sag tarafi sifir ise) ROC’da sol tarafhdir.



Five Simple Rules to Find Region of Convergence (ROC)

1- ROC must be bounded by poles or extends to infinity (it means ROC can not include poles).
2- If the signal in ime-domain is right-sided, ROC 1s right-sided (ROC 1s the right side of rightmost pole).
ROC

)

Sigral in ime-domain

-

-~

/
¢

RSEC ST ¥ SRR
A

v

3- If the signal in time-domain 1s left-sided, ROC is left-sided (ROC is the left side of leftmost pole).

ROC

')
Signal n time-gomain




4- If the signal in time-domain 1s two-sided, ROC 1s bounded by poles.
ROC

Signal i time-domain

\J

5- If the signal in time-domain has a finite duration, ROC is everywhere.
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Yakinsaklik Bolgesi

e Goriildiigii gib1 Laplace doniisiimii, karmasik s-diizleminde jm-ekseni iizerinde
hesaplandiginda siirekli-zaman Fourier doniisiimiinii verir, !!!

= F{x(1)}

. x(t)e 1saretinin Fourier donlistimii de x(t) isaretinin Laplace doniisimiinii verir.

X(s)|

5= Jw

* Bu durumda:
1-) Bir x(t) isaretinin Laplace doniisiimiiniin var olabilmesi icin Xx(f )E_migaretinin
Fourier dontisimii  yakinsamalidir.  Verilen bir x(7) 1sareti 1¢in, Laplace
doniisiimiiniin var oldugu s degerleri kiimesine YAKINSAKLIK BOLGESI (Region
of Converge, ROC) denir.

2-) Eger ROC imajiner ekseni (s=)®) iceriyorsa, 1saretin Fourier doniisiimii de
vardir.

3-) Bazi 1saretler i¢cin Fourier doniisimii yakinsamaz iken Laplace dontisiimii
yakinsayabilir.



Laplace Donusumu ve Yakinsaklik Bol;

Ornekler incelediginde farkl1 iki isarete ait Laplace doniisiimlerinin cebirsel olarak
birbirine esit oldugu goriiliir.

—l

1
— u(-t) —— X(s)= , Re{s}<-a

s+a S=-a belirsilik
e u(ty —— X(s)= l., Re{s}>-a ifade
s etmektedir.

Fakat esitliklerin gecerli oldugu yakinsaklik bolgesinin
{Re{s} <—a} ve {Re{s}>-a} birbirinden farkli olduguna dikkat ediniz.

Bu durumda Laplace doniisiimii icin  cebirsel ifadenin yanisira yakinsaklik
bolgeside belirtilmelidir.
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Properties of ROC of Laplace Transform
*ROC contains strip lines parallel to jw axis in s-plane.

*If x(t) is absolutely integral and it is of finite duration, then ROC is entire s-
plane.

*If X(t) is a right sided sequence then ROC : Re{s} > o..

*If x(t) is a left sided sequence then ROC : Re{s} < 0..

*If X(t) is a two sided sequence then ROC is the combination of two regions.
ROC can be explained by making use of examples given below:

Strip Line j::t S-plane

T~

Example 1: Find the Laplace transform and ROC of xz(t) — e —™ u(t)

L.Tz(t)] = L. Tle —* u(t)] = 5

Re > —a

ROC : Res >> —a

jf S-plane
T
\\
A \\ d
T




Example 2: Find the Laplace transform and ROC of z(t) = e™u(—t) Example 3: Find the Laplace transform and ROC of z(t) = e “u(t) + e™u(—t)

L.T[z(t)] = L. Tle"u(t)] = 2 L.T[z(t)] = L. Tle *u(t) + e u(—t)] = 57 + 5
Res < a For ﬁRe{s} > —a
ROC : Res < a For ==—Re{s} <a
S-plane S-plane
jw
A/_-\ jo /_\
H’/
&,—l""‘/ S
& a o -a ] a ::3
e

Referring to the above diagram, combination region lies from —a to a. Hence,

ROC : —a < Hes < a
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Causality and Stability =2 A system is said to be unstable when at least one pole of its transfer function is shifted to

the right half of s-plane.
= For a system to be causal, all poles of its transfer function must be right half of s-plane.

. jw
Jad M
A
poles
poles
LA W Y ~
NE NS AN AN 7~
S Df

= A system is said to be marginally stable when at least one pole of its transfer function lies

= A system is said to be stable when all poles of its transfer function lay on the left half of s- . )
on the jw axis of s-plane.

plane.
jw 1@
A F,
poles poles X
Sl o
KX > <X >
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Nedensellik — ROC

a) Causality:

Eger bir sistemin cikisi, su anki girisi dahil olmak tGzere 6nceki degerlerine bagl ise sisteme
nedensel (causal) sistem denir. Tim gercek zamanl fiziksel sistemler nedenseldir; ¢linkd zaman
sadece ileriye akar.

Sistem nedensel ise, ROC sag tarafli olmalidir (diger yol mutlaka dogru degildir). Nedensellik
Bulmak icin Ug Basit Kural:

1- ROC sag yonlu degilse sistem nedensel degildir.

2- ROC sag yonlu ve Laplace donltsumiu rasyonel bir fonksiyon ise sistem nedenseldir.

3- ROC sag tarafliysa ve Laplace dontisimu rasyonel bir fonksiyon degilse, sistemi zaman
alaninda bulmaliyiz ve sistemin nedensel olup olmadigina karar verebiliriz.

b) Kararhlik: Sistem, ancak ve ancak ROC kompleks eksen iceriyorsa kararlhdir,



Causality and Stability

9 For a system to be causal, all poles of its transfer function must be right half of s-plane. 2 A system is said to be unstable when at least one pole of its transfer function is shifted to the right half
. of s-plane.
jw g
A jUJ
A
poles
> poles
o N NS NE s
FANEV AN 7N 7
2 A system is said to be stable when all poles of its transfer function lay on the left half of s-plane.

2 A system is said to be marginally stable when at least one pole of its transfer function lies on the jw

jw .
A axis of s-plane.
jw
poles A
XX >
poles X
NS NS .
FANV AN >

94



ROC of Basic Functions (Kararhlik bolgesi)

fi(t)

tu(t)

t" u(t)

F(s)

| =

ROC

ROC: Rels} =0

ROCRe{s}=0

ROCRe{s}=0

ROCRels}=a

tet u(t)

s+a

ROCRe{s} = -a

ROCRe{s}<a

ROCRe{s} < -a

ROCRe{s}=a
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ROC of Basic Functions

1

te " u(—t) “Grap ROC:Re{s} < -a
n!

t" e ™ u(—t) “Gro ROC:Re{s} < -a

s+a
e~ cos bt (5+al+b
_ b
e~ sin bt (staP + 0
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ROC

. — -2t -3t
Find the ROC of x(t) = e u(t) + e~ u(t). Laplace déniisimi 1/(s+2)+1/(s+3) olan

a) 0>2 | _ | '
b) >3 ifadenin ROC katsayisi nedir? (ROC'u bulmak
c) 0>-3 icin Laplace donusimuntn kdkleri bulunur,

d) 0>-2 ROC, pozitif yone dogru paydanin koklerin
kiimesel kesisim degeridir.

Answer: d

Explanation: Given x(t) = e~ u(t) + e~ u(t) Laplace dénuisimii 1/(s-2)+1/(s-3) olan ifadenin

Laplace transform, L{x(t)} = X(s) = [o—ex(t)e-stdt ROC katsayisi nedir? (ROC'u bulmak icin Laplace

X(s) = 1/(s+2)+1/(s+3) donusiminin kokleri bulunur, ROC, pozitif yone
ROC is {o > -2}){0 > -3} dogru paydanin koklerin kimesel kesisim

Hence, the ROC is 0 > -2. degeridir. 0>3
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Region of Convergence (Yakinsama Bolgesi - ROC)

f (t) — 1 Dikkat: Bir fonksiyonun yakinsamasi icin degerinin
sonsuzdan farkli olmasi gerekir.
o < 0 oldugu durumlar karasiz olur.
F(s) =3

If Re[s]=0>0, yakinsar

Time domain: 1 ﬁ s-domain: 1/s @

, , Yakinsamasi =
Time domain: u(t) icin ROC: 6 > 0
(Only consider t>0) &in 0 ROC




ROC

The Laplace transform of z(t) = e *u(?) is: ORNEK : x()=e “u(t) isaretinin Laplace déniisiimiinii hesaplayiniz.
X(s) = Clz@)]= /‘m o—oto—st gy /‘m oot g—(otiw)t g COZUM: Bu isaret icin Fourier doniisiimii onceki haftalarda asagidaki gibi
o o hesaplanmustir.

1

a—+ o+ jw

= . = —j@ri T o—at -jot 1
X(j&)):_[_mx(t)ej dt:_[ﬂe e’ dt:a_l_jw,

S

{_—(u+a+juflf

a>0

L]

For this integral to converge, we need to have

[saretin Laplace doniisiimii ise,
a+oc>0 or o= Re[s]>—a

X(s)= _C x(t)e " 'dt = J.: e e 'dt = J- Ce gy

0

and the Laplace transform 1s

o _ s |
= I e e Mt = —, o0+a>0
o 0 (o+a)+ jw

X (s)

Y (s) — 1 1
X (s (o +a) + jw s+ a

1
veya, S=0+ jw— X(§)=—oi, RC{.€}>—H
s+a

As a special case where a = 0, Iff} = u(f:] and we have

LClu(t)] = %, o = Re[s] > 0
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Example 3:

r(t) = e el — ety (t) + e u(—t)
The Laplace transform 1s linear. and X(S) 1s the sum of the transforms for the two terms:

(o> a),  Letu() = (0 <a)

E[E_ﬂfu{i}] —

Ifa=>0 ie. J:‘l:i] decays when |i| — 00, the intersection of the two ROCs 1z —a < 7 <I @ and we have:

Cla) = L _ 1 _—2a

s+ a 5—a 5

2 __ 2

However. if a << 0, ie. I[:I’;:] grows without a bound when |i:| — 00O, the intersection of the two ROCs 1s a empty set, the Laplace transform does not exist.
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Ornek: Yakinsama Bélgesi - ROC

* Herbir fonksiyonun Laplace
ORNEK: x(1) =3e “u(t)—2e 'u(t) isaretinin Laplace doniisiimiinii hesaplayiniz.. donusimau alinir.
* Laplace dontsumu alinan herbir
fonksiyonun paydasini sifir yapan
degerler bulunur. (Fonksiyon sonsuz

X(s)= I: [3&"2’“ (1)—2e 'u (r)] e dt = 3_[: e e dt —2[: e ‘e’ 'dt

e ult) —— X{”zﬁif Re{s}>-2 gider; yani kararsizlik vardir.)
|  En buylUk degerden saga dogru olan

eu@t) —— X(s)=—-. Ref{s}>-I bolge kararlidir. Her iki kosulun
saglandigi bolge.

X(s)= Eiz - 3—2I—l = :;~;1+2 Re{s}>—1 Vv her iki kosulun saglandig1 bolge. .. * KompIEkS deéer glkarsa reel kismi
alinir.

e Kokler biri bluyuk diger kiiclk ise

aralik alinir.
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ORNEK: x(t) = E_EIH(I) +e’ (cos3t)u(r) 1saretinin Laplace doniisiimiinii hesaplayiniz..

3t =3 jt ) .
x(1) = |:€2I +e [E -I;j }}i(r) = |:€_2I + %E_“_h“ +%€_“+3”f}u(f)

e Fu(ty —£— X(5)=L, Re{s}>-2
s+ 2

1

—(1-3 ¢ L X(5)= ) Rels —1
e u(t) —— (s) s+ d-37) c{s}}
e "u(t)y —— X(s)= : Re{s}>-1
s+(1+3j)°
2 .
X (s)= L1 1 1 1 28> +55+12 Re{s}>—1

—_ + — =
s+2 2s5+(1+3j) 2s+(1-3j)  (s7+25+10)(s+2)
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Determine the Laplace transforms (including the regions of convergence) of each of the
following signals:

a. ;{71(#) = E_Q{t_g}-u.(t — '3)

—3s
Xl _ L
s+ 2
ROC: Re(s) > —2
—

0o 00 00 |
X1(s) = ] (e tdt = / e 2=yt — 3)e tdt = eﬁ/ e~ (52t gy
o i 3
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ro(t) = (1 — (1 — t)e ") u(t)

1s + 9
X = s(s 4+ 3)2
ROC: Re(s) = 0

Treat this as the sum of 3 signals: xo(t) = x9,(t) + xop(t) + x2.(t), where x5,(t) = u(t),

Top(t) = —e3tu(t), and xo.(t) = te>tu(t).

o0 _—st o0 1
Xoq(5) :f estdt = ° = —: Re(s) >0
0 — 5 0 =
oo o (s+3t |7 1
Xop(s) = _e Ste—Stgr — c = — - Re(s) > —3
w(e) = [ “Gaw|, ~ Trs RO

00 —(s43)t
Xoc(s) = / te—3te—stdt — ¢=
0

me—(5+3]td 1 R 5
19|, b Sormt = arae Ree>

The Laplace transform of a sum is the sum of the Laplace transforms,

1 1 1 4s +9
X — — — —
2(5) s s43 T (s+3)2 s(s+3)?

and the region of convergence is the intersection of the 3 regions: Re(s) = 0.
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Ornek: Yakinsama Bolgesi - ROC

a(t) = [t]e

A

X3 =

2(s2 + 1)
(s 4+ 1)2(s — 1)2

ROC:

—1 < Re(s) < 1

The signal x3(t) can be written as te ‘u(t) — te'u(—t). The transform of the first is

1
(s+1)°

: Re(s) > —1

and the transform of the second is

1

(s — 1)
Therefore

X3(s) =

: Re(s) < 1.

1

1

2(s2 4+ 1)

12 (s—

)2~ (s+1)2(s— 1)2°

—1 < Re(s) < 1.
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r4(t)

1
! | I ! f
—2—-1 3 4
—1
-X4 p— II_L‘—Qf."_l;’—l
ROC: all s
— st _ st |2

| Xa(s) = / r4(t)e S'dt = / e Stdt — / et — _
| e=2" _2¢== 41
| — g _|_ ; _|_ < — o = S

These integrals all converge for all values of s. Therefore the region of convergence is

. the entire s-plane.
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=

5(t)

107

all s

ROC:



Laplace Transform Pairs of exp(-at)

f(t)=e ™
L[f@®)]=[ e - -estdt = ro e (a+rs)tqyt
= | = |
__ 1 —(a+s)t |17 __ 1 0—_1] — 1
_—(a+s)[e ]t:o— —(a+s)[ | S+ a
If Re[a+s]=a+0>0
t w

Time domain: et “ s-domain: 1/(s+a) —>€
ROC: ¢ > -a -a

ROC



| aplace Transform
Circuit Application



Differential Equation
R=&2Q _ O\(

v(0) = 128 5 <15V =6V
_l_

Ri(t) +v(t) =V, 1(t) =Cv'(t)
RCv'(t) +v(t) =V,

1
12 —Vv'(t) +v(t) =15
a0 v (D + V(D

0.2v'(t) +v(t) =15

< 8Q

Find v(t)

o.2L[v'®) ]+ L|v(@)]=L[15]

L[15] = % V (s) = L[v)]
L[v'(®)]=sL[v(t)]-v(0)
=sV (s)—6

0.2|sV (s) —6]|+V (s) = %



Differential Equation

0.2[sV (s) —6]|+V (s) = 1>
S
15
1l.2+— 6s+75 A B
—V (s) = = — I
0.2s+1 s(s+5) s s+5
SV(S)=68+75=AI sB
S+5 S+ 5
(s+5)\/(s)=6s+75=(s+5)§+8
S S

V (s) = 15 : —9
S S+5
L[V (s)]
=v(t) =15 —-9e '
t=0

S=—5=B=-9
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